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Rankin-Selberg convolution , H. Jacquet J. Shalika $GL$. $\cross$
$GL_{n}$ $L$ [Jacquet -Shalika] . Rankin -
Selberg convolution [Bump] .
Notation
$F$ , A . $F$ ,
\infty ’ f . $v\in \mathfrak{P}$ , $F_{v}$
$F$ $v$ . $v\in \mathfrak{P}_{J}$ , $\mathcal{O}_{v}$ , $\varpi_{v}$ , $q_{v}$
. .
$G=GL_{n}(F)$
$Z=the$ center of $G$
$T=the$ group of diagonal matrices
$U=the$ group of upper triangular matrices with ones in the diagonal
$B=the$ group of upper triangular matrices $=TU$
$P=\{(\begin{array}{ll}A x0 1\end{array}) A\in GL_{n-1}(F), x\in F^{n-1}\}$
$Q=ZP$ (a maximal parabolic subgroup of $G$ )
$G$ 1 $H$






$K_{v}=the$ standard maximal comapct subgroup of $G_{v}$ $(v\in \mathfrak{P})$
$K_{A}= \prod K_{v}$
$v\in$
$?i_{v}=the$ local Hecke algebra of $G$ $(v\in \mathfrak{P})$
$?t_{A}= \bigotimes_{v\in \mathfrak{P}}Tt_{v}$





$Z\backslash Z_{A}$ character $\omega:Z\backslash Z_{A}arrow C^{1}=\{z\in C||z|=1\}$ 1 . $G_{A}$
$f:G_{A}arrow C$ 4 $(i)\sim(iv)$ $L_{0}^{2}(G\backslash G_{A}, \omega)$ .
(i) $f(\gamma g)=f(g)$ $(\gamma\in G, g\in G_{A})$
(ii) $f(zg)=\omega(z)f(g)$ $(z\in Z_{A}, g\in G_{A})$
$( iii)\int_{Z_{A}G\backslash G_{A}}|f(g)|^{2}dg<\infty$
(iv) parabolic subgroup $R\subsetneqq G$ , unipotent radical $N$
$\int_{N\backslash N_{A}}f(ng)dn=0$ (for almost everywhere $g\in G_{A}$ )
$G_{A}$ $L_{0}^{2}(G\backslash G_{A}, \omega)$ .
$L_{0}^{2}(G\backslash G_{A}, \omega)=\oplus\pi$
. $\pi$ 1 (multiplicity one theorem [Shalika]).
$G_{A}$ (central character $\omega$ ) cuspidal
. $\pi$ $f:G_{A}arrow C$ 2 $(v))(vi)$
$\pi^{\infty}$ .
(v) $f(g)=f(g_{\infty}\cdot g_{f})$ $g_{\infty}\in G_{\infty}$ $C^{\infty}$ $g_{f}\in G_{f}$ locally constant
.
(vi) $f$ right $K_{A}- finite$ , i.e. $K_{A}$ $f$
.
$\pi^{\infty}$ admissible $H_{A}$-module .
cuspidal $\pi$ , $\pi^{\infty}$ $?t_{v}(v\in \mathfrak{P})$ admissible $\pi_{v}$




, $v$ $\pi_{v}$ class 1 (i.e. $\pi_{v}$ Kv- )
. $S_{\pi}(\mathfrak{P}_{\infty}\subset S_{\pi})$
$v\not\in S_{\pi}\Rightarrow\pi_{v}$ class 1
. class 1 ,
$\pi_{v}(v\not\in S_{\pi})$ , $\mu_{i,v}$ : $F_{v^{*}}arrow C^{*}(1\leq i\leq n)$ , $\pi_{v}$
$Ind_{B_{v}}^{G_{v}}\mu=\{\phi:G_{v}arrow C|\phi(tng)=\delta^{\iota/2}(t)\mu(t)\phi(g), t\in T_{v}, u\in U_{v}, g\in G_{v}\}$
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$\mu(t)=\mu_{1,v}(t_{1})\cdots\mu_{n,v}(t_{n})$ , $\delta(t)=\prod_{j=1}^{n}|t_{j}|_{v}^{n-2j+1}$ $(t=(\begin{array}{lll}t_{1} 0 \ddots 0 t_{n}\end{array}))$
.
$A(\pi_{v})=(\begin{array}{lll}\mu_{1,v}(\varpi_{v}) 0 \ddots 0 \mu_{n,v}(\varpi_{v})\end{array})\in GL_{n}(C)$
, $\pi_{v}$ .
$\pi$ Whittaker model . Non-trivial character
$\psi=\prod\psi_{v}$ : $F\backslash Aarrow C^{1}$ , $\psi_{v}|_{0_{v}}=1$ for any $v\in \mathfrak{P}_{f}$
$v\in$
, $U_{A}$ character





, $\pi$ global Whittaker model . $\varphi\mapsto W_{\varphi}$ $?t_{A}$
, $\pi^{\infty}$ $W(\pi;\psi)$ admissible $?t_{A}$-module .
de 6 [Shalika] :
(12)
$\varphi(g)=\sum_{\gamma\in U\backslash P}W_{\varphi}(\gamma g)$
$(\varphi\in\pi^{\infty})$
(1.1) $W(\pi;\psi)$ $\pi_{v}$ local Whittaker model $W(\pi_{v} ; \psi_{v})$
:





$W(g)= \prod_{v\in \mathfrak{P}}W_{v}$ $(W_{v}\in W(\pi_{v} ; \psi_{v}))$
.
$K_{\pi}= \prod_{v\in S_{\pi}}K_{v}$
$W(\pi;\psi)^{K_{\pi}}=\{W\in W(\pi : \psi)|W(gk)=W(g), g\in G_{A}, k\in K_{\pi}\}$
, $W\in W(\pi;\psi)^{K_{\pi}}$ , (1.3) $W_{v}(v\not\in S_{\pi})$ class 1 Whittaker
function . Shintani explicit formula . $v\not\in S_{\pi}$ ,
.
$p_{l}=(\begin{array}{lll}\varpi_{v}^{l_{1}} 0 \ddots 0 \varpi_{v}^{t_{n}}\end{array})$ $(\ell=(\ell_{1}, \cdots\ell_{n})\in Z^{n})$
$\rho_{t}=GL_{n}(C)$ :dominant weight $(\begin{array}{lll}a_{1} 0 \ddots 0 a_{n}\end{array})\mapsto a_{1}^{l_{1}}a_{2}^{l_{2}}\cdots a_{n}^{t_{n}}$
$\rho_{l}$






$\pi=\otimes_{v}\pi_{v}=central$ character $\omega$ cuspidal , $A_{v}=A(\pi_{v})(v\not\in S_{\pi})$
$\pi’=\otimes_{v}\pi_{v}’$ =central character $\omega’$ cuspidal , $A_{v}’=A(\pi_{v}’)(v\not\in S_{\pi’})$
$S=S_{\pi}\cup S_{\pi’}$
$\alpha:G_{A}arrow C^{*},$ $\alpha(g)=|\det g|$ $\delta_{Q}$ : $Q_{A}arrow C^{*},$ $\delta_{Q}(zq)=\alpha(q)(q\in P_{A}, z\in Z_{A})$
$\eta:Z_{A}arrow C^{1},$ $\eta(z)=\overline{\omega(z)}\omega’(z)$ $\eta:\sim Q_{A}arrow P_{A}\backslash Q_{A}\cong Z_{A}proj.arrow\eta C^{1}$
. $G$ $F^{n}$ , $\epsilon=(0, \cdots)0,1)\in F^{n}$ .
$\epsilon$ $G$ stabilizer $P$ .
$A^{n}$ Schwarz -Bruhat $\Phi$ 1 .
(2.1) $\Phi=\prod\Phi_{v}$ , $v\not\in S\Rightarrow\Phi_{v}$ $\mathcal{O}_{v}^{n}$
$v\in$
(2.2) $f(g, s, \eta)=\int_{Z_{A}}\Phi(\epsilon\cdot zg)\alpha(zg)^{s}\eta(z)dz$ $(g\in G_{A}, s\in C)$
, $\Re(s)>1/n$ $Ind_{Q_{A}}\eta^{-1}\delta_{Q}^{s-1’2}$ .
Eisenstein
(2.3)
$E(g, \Phi, s, \eta)=\sum_{\gamma\in Q\backslash G}f(\gamma g, s, \eta)$
, $\Re(s)>1$ , $E(g, \Phi, s, \eta)$ s-
. $\varphi\in\pi^{\infty},$ $\varphi’\in\pi^{\prime\infty}$
$I(s, \Phi, \varphi’, \varphi)=\int_{Z_{A}G\backslash G_{A}}E(g, \Phi, s, \eta)\varphi’(g)\overline{\varphi(g)}dg$
. $E(g, \Phi, s, \eta)\varphi’(g)\overline{\varphi(g)}$ $g$ ,
. $I(s, \Phi, \varphi’, \varphi)$ $s$ .
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3 Basic identity
$I(s, \Phi, \varphi’, \varphi)$ .
$I(s,$ $\Phi,$ $\varphi^{/},$
$\varphi)=\int_{Z_{A}G\backslash G_{A}}\sum_{\gamma\in Q\backslash G}f(\gamma g,$ $s,$
$\eta)\varphi^{/}(\gamma g)\overline{\varphi(\gamma g)}dg$ $((2.3))$
$= \int_{Z_{A}Q\backslash G_{A}}f(g,$ $s,$
$\eta)\varphi^{/}(g)\overline{\varphi(g)}dg$
$= \int_{Z_{A}P\backslash G_{A}}\{\int_{Z_{A}}\Phi(\epsilon\cdot ag)\alpha(ag)^{S}\eta(a)da\}\varphi^{/}(g)\overline{\varphi(g)}dg$ $((2.2))$
$= \int_{Z_{A}P\backslash G_{A}}\int_{Z_{A}}\Phi(\epsilon\cdot ag)\alpha(ag)^{S}\varphi’(ag)\overline{\varphi(ag)}dadg$
$= \int_{P\backslash G_{A}}\Phi(\epsilon\cdot g)\alpha(g)^{S}\varphi’(g)\overline{\varphi(g)}dg$
$=I_{P\backslash G_{A}} \Phi(\epsilon\cdot g)\alpha(g)^{S}\varphi^{/}(g)\{\sum_{\epsilon\in U\backslash P}\overline{W_{\varphi}(\xi g)}\}dg$ $((1.2))$
$= \int_{P\backslash G_{A}}\sum_{\epsilon\in U\backslash P}\Phi(\epsilon\cdot\xi g)\alpha(\xi g)^{S}\varphi’(\xi g)\overline{W_{\varphi}(\xi g)}dg$
$= \int_{U\backslash G_{A}}\Phi(\epsilon\cdot g)\alpha(g)^{S}\varphi’(g)\overline{W_{\varphi}(g)}dg$
$= \int_{U_{A}\backslash G_{A}}\int_{U\backslash U_{A}}\Phi(\epsilon\cdot ug)\alpha(ug)^{S}\varphi’(ug)\overline{W_{\varphi}(ug)}dudg$
$= \int_{U_{A}\backslash G_{A}}\Phi(\epsilon\cdot g)\alpha(g)^{S}\{\int_{U\backslash U_{A}}\overline{\theta(u)}\varphi^{/}(ug)du\}\overline{W_{\varphi}(g)}dg$
$= \int_{U_{A}\backslash G_{A}}\Phi(\epsilon\cdot g)\alpha(g)^{S}W_{\varphi’}(g)\overline{7W(g)}dg$
$\Psi(s, \Phi, W_{\varphi’}, W_{\varphi})=\int_{U_{A}\backslash G_{A}}\Phi(\epsilon\cdot g)\alpha(g)^{s}W_{\varphi’}(g)\overline{W_{\varphi}(g)}dg$
$\Re(s)>>0$ .
(3.1) $I(s, \Phi, \varphi’, \varphi)=\Psi(s, \Phi, W_{\varphi’}, W_{\varphi})$ $(\Re(s)>>0)$
. (1.3), (2.1) Euler :
(3.2) . $\Psi(s, \Phi, W_{\varphi’}, W_{\varphi})=\prod_{v\in \mathfrak{P}}\Psi(s, \Phi_{v}, W_{v}’, W_{v})$
(3.3) $\Psi(s, \Phi_{v}, W_{v}’, W_{v})=\int_{U_{v}\backslash G_{v}}\Phi_{v}(\epsilon\cdot g)\alpha_{v}(g)^{s}W_{v}’(g)\overline{W_{v}(g)}dg$
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local integral $\Re(s)>>0$ . ([Jacquet
Shalika: Proposition (1.5) and (3.17)]).
(3.4) $v\in$ , (3.3) $\Re(s)\geq 1$ .
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4 Euler factor ( )
$\varphi\in\pi^{\infty},$ $\varphi’\in\pi^{\prime\infty}$
$W_{\varphi}= \prod_{v\in \mathfrak{P}}W_{v}\in W(\pi;\psi)^{K_{\pi}}$
,
$W_{\varphi’}= \prod_{v\in \mathfrak{P}}W_{v}’\in 7V(\pi’;\psi)^{K_{\pi’}}$
. (2.1)
$v\not\in S\Rightarrow W_{v},$ $W_{v}’,$ $\Phi_{v}$ Kv-
. $v\in \mathfrak{P},$ $v\not\in S$ 1 , (3.3) . $\Re(s)>>0$
. Iwasawa $G_{v}=N_{v}T_{v}K_{v}$
$\Psi(s, \Phi_{v}, W_{v}’, W_{v})$
$= \int_{T_{v}/T_{v}}$ $K_{v}\Phi_{v}(\epsilon\cdot t)\alpha_{v}(t)^{s}W_{v}’(t)\overline{W_{v}(t)}\delta^{-1}(t)dt$
$= \sum_{l=(\ell_{1},\cdots,1_{n})\in Z^{n}}\Phi_{v}(\epsilon\cdot p_{l})\alpha_{v}(p_{l})^{s}W_{v}’(p_{\ell})\overline{W_{v}(p_{l})}\delta^{-1}(p_{l})$
, $p\ell=(\begin{array}{lll}\varpi_{v}^{l_{1}} 0 \ddots 0 \varpi_{v}^{1_{n}}\end{array})$
$=$ $\sum$ $\alpha_{v}(p_{\ell})^{s}W_{v}’(p_{l})\overline{W_{v}(p_{l})}\delta^{-1}(p_{l})$
$l=(l_{1,}\cdots,l)\in Z^{n}l_{n}\geq 0^{n}$
explicit formula (1.4) .
$L^{+}=\{l=(l_{1}, \cdots l_{n})\in Z^{n} : l_{1}\geq\ell_{2}\geq\cdots\geq\ell_{n}\geq 0\}$





tr $(\rho_{l}(A_{v}’)\otimes\rho_{f}(\overline{A_{v}}))q_{v}^{-sd(t)}$ , $d(l)=\ell_{1}+\ell_{2}+\cdots+l_{n}$
$= \sum_{j=0}^{\infty}\{\begin{array}{ll}\Sigma tr (\rho_{l}(A_{v}^{/})\otimes\rho_{l}(\overline{A_{v}}))d(t)=^{+}jt\in L \end{array}\}q_{v}^{-sj}$
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, $(\rho, V)$ $GL_{n}(C)$ standard
(4.1) Sym $(\rho\otimes\rho)\cong\oplus\rho_{l}\otimes\rho_{1}$
$d(t)=jl\in L$
(4.2) $\Psi(s, \Phi_{v}, W_{v}’, W_{v})=\sum_{j=0}^{\infty}$ tr (Sym $(A_{v}’\otimes\overline{A_{v}})$ ) $q_{v}^{-sj}=\det(1-A_{v}’\otimes\overline{A_{v}}q_{v}^{-s})^{-1}$
. (3.4) $\Re(s)\geq 1$ .
(4.2) $\pi=\pi’,$ $W=W’$
$\det(1-A_{v}\otimes\overline{A_{v}}q_{v}^{-s})\Psi(s, \Phi_{v}, W_{v}, W_{v})=1$ $(\Re(s)\geq 1)$
$\det(1-A_{v}\otimes\overline{A_{v}}q_{v}^{-s})\neq 0$ $(\Re(s)\geq 1)$
$\lambda$ $A_{v}$
$1-q_{v}^{-\sigma}|\lambda|^{2}\neq 0$ $(\sigma\geq 1)$
(4.3) $\lambda$ $A_{v}$ $\Rightarrow|\lambda|<q_{v}^{1/2}$ $(v\not\in S)$
([Jacquet -Shalika: Corollary (2.5)]). Euler product
(4.4)
$L_{S}(s, \pi\cross\pi’)=\prod_{v\not\in S}\det(1-\overline{A_{v}}\otimes A_{v}’q_{v}^{-s})^{-1}$
$\Re(s)>>0$ . (3.1), (3.2), (4.2)
(4.5) $I(s, \Phi, \varphi’, \varphi)=\Psi_{S}(s, \Phi, W’, W)L_{S}(s, \pi\cross\pi’)$ $(\Re(s)>>0)$
$\Psi_{S}(s, \Phi, W’, \nu V)=\prod_{v\in S}\Psi(s, \Phi_{v}.W_{v}’, W_{v})$
. (3.4) $\Psi_{S}(s, \Phi, W’, W)$ $\Re(s)>1$ , $\Phi,$ $\varphi,$ $\varphi’$
$0$ ([Jacquet -Shalika: Proposition (1.5) and (3.17)]).
(4.5)
(4.6) $L_{S}(s, \pi\cross\pi’)$ $\Re(s)>1$




([Jacquet -Shalika: Theorem (5.3)]). $L_{S}(s, \pi\cross\pi’)\neq 0(\Re(s)>1)$
. (4.5) $\Psi_{S}(s, \Phi, W’, W)$ s- , $L_{S}(s, \pi\cross\pi’)$ s-
. [Jacquet -Piatetski-Shapiro -Shalika :Theorem
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